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Abstract 

We derive the effective Hamiltonian for the composite fermion in double-layer 

quantum Hall systems with inter-layer tunneling at total Landau-level filling 

factor v = l/m, where m is an integer. We find that the ground state is the 

triplet p-wave BCS pairing state of the composite fermions. At u = 1/2, the 

ground state of the system evolves from the Halperin (3, 3, l)-state toward the 

Pfaffian-state with increasing the tunneling amplitude. On the other hand, 

at v = 1, the pairing state is uniquely determined independent of tunneling 

amplitude. 
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The fractional quantum Hall effect was discovered in the two-dimensional electron 
systems under strong magnetic field perpendicular to the plane. The theoretical under- 
standing of this effect was achieved by the Laughlin wave function [0 at the Landau level 
filling factor v = 1/m, where m is an odd integer. At other filling factors, v = m/{mp + 1) 
(m is an integer, p is an even integer), the composite fermion (CF) picture ^ is one of the 
most appealing theoretical frameworks. The fractional quantum Hall effect of electrons is 
mapped into the integral quantum Hall effect of the CFs. 

The CF picture is also useful to understand the fractional quantum Hall effect with 
internal degrees of freedom. Several years ago, the quantum Hall effect was observed in 
double-layer systems . Many numerical works have shown p that in the absence of inter- 
layer tunneling the systems are well described by the Halperin (m, m, n)-state 0, which is 
ageneralization of the Laughlin wave function to the multi-component systems. Especially, 
at total filling factor u = 1/2, the system is described by the (3,3, l)-state. On the other 
hand, at this filling factor, the Pfaffian-staie 0] was proposed in the strong tunneling limit 
1^. Recently, Ho showed that both the (3,3, l)-state and the Pfajfian-state belong to the 
family of triplet p-wave pairing states of the CF by the analysis of wave functions 0. The 
CF pairing state is also studied by Bonesteel et al. at u = 1/m. They discussed the 
CF pairing instability induced by the Chern-Simons gauge field fluctuation. In these works, 
however, an origin of the pairing potential is unclear and the inter-layer tunneling effect is 
discussed only at the qualitative level. 

In this paper, we make clear the origin of the pairing interaction and derive the effective 
Hamiltonian in double-layer quantum Hall systems at u = 1/m (m is an integer) with the 
inter-layer tunneling. Deriving the gap equation and analyzing it we show that the ground 
state of the system is the triplet p-wscve pairing state. As far as we know, this is the first 
time that the p-wave BCS pairing state is established with revealing the origin of pairing 
potential. Including the tunneling effect, we show quantitatively that at z/ = 1/2 the system 
evolves from the (3, 3, l)-state toward the Pfajfian-state. Furthermore, at u = 1, we show 
that the system is also described by the triplet p-wave pairing state, which corresponds to 



the (1, 1, l)-state in the absence of tunnehng. Finally we mention the CF pairing states at 
the other filling fractions. 

To begin with, we discuss the Coulomb interaction effect. As mentioned above, many 
numerical calculations support that the ground state of the bilayer quantum Hall systems 
is well described by the Halperin (m, m, n) wave function |^ in the absence of inter-layer 
tunneling. The index m{n) corresponds to the relative angular momentum of the pair 
of electrons in the same(opposite) layer. At given filling factor, the indices m and n are 
fixed by a consideration of the two-body problem by the following reason. The Halperin 
(m, m, n)-wave functions are the Jastrow-type wave functions. As in the ^He case, this 
Jastrow-factors are factorized into two parts: a short-range component and a long-range 
component |Tl|]. The former is determined by the two-body problem and the latter by the 



phonon effect. However, the phonon modes are pushed up to the high energy modes because 
of the incompressible nature of quantum Hall systems. Hence the consideration of the two- 
body problem completely determines m and n. The Coulomb interaction in double-layer 
quantum Hall systems is given by 

K^(r) = , =, (1) 

e^r2 + (1 - 6^p)d^ 

where indices a, (3 =t, | label the layers, e is the dielectric constant and d is the inter-layer 
separation. To analyze the two-body problem we take the lowest Landau level wave function 

(2) 

as the basis and estimate the Coulomb energy by first order perturbation under the 
condition of m-|-n = 2/z/. Numerical estimation of E^^ shows that the pair (m, n) giving the 
lowest E^ is (2/z/, 0) for d is and with decreasing d, changes as (2/z/, 0) (2/z/ — 1, 1) — >■ 
■■■—>■ (1/z/, 1/z/). For instance, at z/ = 1, we find that {171,11) = (2,0) for d > dc and 
{m,n) = (1, 1) for < (i < d^ where dc/is ~ 1-4 [is the magnetic length). 

In the following discussion we restrict ourselves to the cases z/ = 1/m, where m is an 
integer. At this filling fraction, the quantum Hall effect occurs when (m, n) = {p, q) where 
both p and q are odd integers. To take into account the correlation effect, we map the 
interacting electron gas into a system of composite particles by attaching magnetic fluxes 



to the particles. Let 0i(02) denote the number of fluxes seen by other particles in the 



same(opposite)-layer. The case ^2) = (p, q) reduces to the composite boson theory [112 



This composite boson theory is partially successful in describing the double-layer quantum 



Hall systems |]T3| . However, in this theory the effects of tunneling and inter-layer separation 
are unclear. On the other hand, to describe the quantum Hall states in double-layer systems 
by the CFs there are two choices : ^2) = (p + Ij — 1) or (p — 1, g + 1). Though 



the former is possible to describe the quantum Hall systems, we consider the latter by the 
following reason. As was pointed out by Haldane and Rezayi |]15| and Ho [^, the p-wave 



fermion BCS ||T6| pairing state is equivalent to the (1, 1, — l)-state. Therefore, the CF with 
(01)02) + ]5-wave pairing state is corresponds to the (0i + + 1,02 — l)-state in the 
absence of inter-layer tunneling. 

With this appropriate choice of flux numbers (0i,02) for the CF, we shall consider 
how the remaining correlation effect changes the CF state. To see this, we map the elec- 
tron system into the CF system. The second quantized Hamiltonian for the double-layer 
two-dimensional electron system in the presence of an external uniform magnetic field B 
perpendicular to the layer is given hj H = Hq + Vc, 

^0 = E / d'r^^i{r){-tV + A^Mr), (2) 

^c = J d'^^i j (fv2Vap{ri - V2)5po,{vi)5pp{r2), (3) 

{Ti = c = e = 1) where 5pa{v) = ipl^{r)ipa{T') — Pa with pa the average particle density in the 
layer a. In this paper we concentrate on the case of Pi = Pi- 
We introduce generalized CF field operators by 



0«(r) = e-^-WV-alr), (4) 
7r„(r)=^t(r)e^^W, (5) 



where 



4 



2 1^1 ' 



(6) 



with z = X + iy. The matrix K is given by 



K 



V 



^1 <A'2 
h 01 



(7) 



Because 0i and 02 are even integers, the operators 0a (r) and 7rQ,(r) satisfy the fermion 
anticommutation relations; 



{0a(ri), vr/3(r2)} = ^^/^^^(ri - r2), 



(8) 



{0a(ri), 0/3(r2)} = 0, {7ra(ri), 7r/3(r2)} = 0. 
In terms of the CF operators, Hq is described by 

where 

5aa(r) =Y.Kap f dh' {n^{r')Mr') - p,) VImlog(z - z'). 
Substituting (0) into (|10|) and including the inter-layer tunneling, we obtain 

H^"" = E (e') . ^«(k)0^(k) + + V2, 



ka/3 



(9) 



(10) 



(11) 



(12) 



where (^^^^ = ^k^afs — ^(1 — ^ap){ik = k"^ /'2^M — /i, t is the tunneling amplitude), and 



1/3 

= TT7T E E ^7ra(ki + q)7r^(k2)0^(k2 + q)0„(ki). 



ki,k2,q7^0 aP 



(13) 



E E^« 



g2 + 2ki ■ q 



7ra(ki + q)7r^(k2)0/3(k2 + q)0a(ki) (14) 



ki,k2,q^0 a/3 ^ 

with fl the area of the system. Here we measure the kinetic energy from the chemical 
potential fi. To derive the pairing interaction, we pick up the terms with ki + k2 + q = 



in the q summation of Vi and V2. Then V2 manifestly breaks the time reversal symmetry, 
which shows that this potential is an artifact of non-wnztary transformations (^), and (^. 
The pairing potential is derived from Vi. If we drop the V2 term, the analysis is the same 
as in the case of unitary transformation when we replace tt by 0"''. With this replacement, 
the final form of the effective Hamiltonian of the system is given by 



H^ff = H'Jf + Vc, 



(15) 



ki7^k2 a/3 

where Vkik2 = — (47ri/M)ki x k2/|ki — k2p |l^. To make the pairing state clear, we neglect 
the Coulomb interaction term for a while. Later we discuss the effect of the Coulomb 
interaction. 

In the same way as the analysis of pairing state of '^He [p9l , we derive the equation for 



the gap (a'' ) pO|. For the triplet pairing case, since there are many types of solutions, we 

V / afi 

introduce two assumptions to simplify the discussions. First, since two layers are symmetric, 
we assume (^A''^^^ = (^A*^^^^. In this case, the gap equation has the block diagonalized form 
and is given by 



0/3 



E ^kk' 

k'(^k) 



A*^ E 



tanh 



k' 



2kBT 



(17) 



J al3 



where E^ and A*^ are 2 x 2-matrix and {E^Y = (^^)^ + (A'')^A''. Secondly, we assume that 
each component of A'' has the same angular dependence (^k denotes the direction of k). 
The second assumption is introduced for convenience and the result about the pairing state 
of the ground state given below holds without it. From these assumptions, the gap A'^ is 
given by 



A^^A, 



yb a J 



(18) 



where a and b are complex numbers satisfying |ap + |6p = 1 and Ak = e ^^^''lAfcl for the 
£-wave pairing. The gap equation for the ground state is given by. 
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aAk = [(a + b)P+ + (a - b)P^)] , (19) 



6Ak = -- 



a + 6)P+ - (a - 6)Pk 1 . (20) 



Here P^. is given by 



1 ^ Aw' 



"k'(^k) -^fc' 



1 / /"fc /"OO \ Jc'lA,, 



M \Jo Jk / Ef, 



dk'+ / dk']^-^Ie{k,k'), (21) 



where = J(a - (it))^ + |a ± b\^\Ak 



rn ,r, e-*^^sin^ 

lJk,k')= ^— . (22) 

' ^ io 27ri{k^ + k'^) 2kk' -cose ^ ' 



In the case of ^ > 0, 



, -ik'/kY for k > k', 
Ie{k,k') = { (23) 

-{k/k'Y for A; < fc'. 

For £ < 0, since /^(/c, /c') > 0, the potential in (^) acts as repulsive one and is inappropriate 
for the formation of pairing. Hence we consider only the ^ > case. 

For the singlet pairing case, diagonalization of the gap equation is complicated because 
of the existence of tunneling term. In the absence of tunneling, the gap equation has block 
diagonalized form and is given by the same equation (|l^ for triplet pairing case. At T = 0, 
the gap equation becomes Ak = — (02/2)Pk where Pk is given by (0) with the replacement 



of hy Ek = \J ^1 + |AfcP. An explicit calculation shows that Ii=o{k, k') = 0, which implies 
that the singlet s-wave pairing state never occurs at u = 1/m in double-layer quantum Hall 
systems. 

Now, to solve the gap equation for both the singlet and the triplet pairing case, we 
introduce an approximation for |Afc|. Substituting (^) into the expression of P^ and Pk, 
we see that |P^|, |Pk| = 0{k^) for A; ^ and |P^|, |Pk| = 0{k~^) for k ^ oo. Since Ak is 
linear in P^ or Pk, Ak has the same asymptotic nature as P^ and Pk. This consideration 
leads us to employ the approximation for |Afc|; 



lAJ 



^kp {kp/kY for k > kp, 
^kp (k/kpY for k < kp. 

In the absence of tunneling, the gap equation is given by 



(24) 



1 



2M 



fcf f k 

dk— — 
Ek \kp 



2£ 



dk^ / fciT 
kp Ek\ k 



2e' 



(25) 



and the energy difference between the pairing state and the no-pairing state is given by 



{Ho'')A-{m")A=0 = T.\^k\(l-^-^ 



27r (ho 



(26) 



k \ ^fe , 

for both singlet and triplet pairing with {a,b) = (0,1). A numerical estimation of 
reveals that the pairing state always has lower energy than the no-pairing state. Eq. (^Sf) 
indicates that lower i gives larger A^^ , which results in the lower energy of the system from 
(^). Thus the pairing with the lowest value of i is realized in the absence of the tunneling. 
As mentioned above, s-wave(£ = 0) pairing never occurs. Hence the lowest value of £ is £ = 1 
and the triplet jo-wave pairing is realized in the absence of the tunneling effect. 

The next step is to take into account the tunneling effect. From ( p^D and (pOD we obtain, 



a = 01 (a + 6)Fi(|a + b\''A'\ r) + (a + b)F2{\a + b\^A^ 



.T 



+ {a - b)Fi{\a - 6|"A^ -r) + (a - b)F2{\a - b\^A^ 



-T 



(27) 



a + 6)Fi(|a + b\^A\ r) + (a + 6)F2(|a + 6|'A^ r) 
-{a - b)Fi{\a - b\^A^, -r) - (a - b)F2{\a - b\^A^, -r) 

where A = A^p/ep, r = t/ep, F^{g,T) = 1/2 dyy/^{y - 1 - t)^ + gy, F^ig.r) 



(28) 



1/2 /q^ dyl /y^((l + T)y — 1)^ -|- gy'^. First we discuss the z/ = 1/2 double-layer quantum Hall 
systems. In this case we set (0i,02) = (2,2). From (p7|), ( 128|) and |ap -|- |6p = 1, we calcu- 
lated numerically the values of |a|, |6| and A. In FIG.^ we show the r dependence of A and 
6 = tan^^ (|a|/|6|). At r = 0, (a, b) is equal to (0, 1) which corresponds to the (3, 3, l)-state. 
As r approaches to 2, 9 increases up to 7r/4, and in this limit (a, b) = (l/-\/2, l/-\/2)(up to a 
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phase factor) which corresponds to the Pfajfian-state. Considering the Coulomb interaction 
at the level of gap equation, we find numerically that the gap decreases from A ~ 3.13 to 
A ~ 2.49 at d = and a = {e'^ /eiB)/ft-^^c = 1- Since the double-layer system at the d < Eb 
region can also be regarded as the single-layer system, this result seems to indicate that the 
quantum Hall state is realized even at = in double-layer systems within our treatment. 
This seems to be a contradiction with our knowledge that the quantum Hall effect never 
occurs in the single layer system with u = 1/2. To treat this problem correctly, we have to 
include the effects of charge density unbalance between two layers and the Zeeman energy 
for real spin. This problem is considered in the subsequent publication [^. On the other 



hand at u = 1, we set (0i,02) = (0,2). Since we can see that (a, 6) = (0, 1) from (p7|), the 
system has only one type of p-wave pairing state. The gap equation becomes, 

Fi(A2, r) + F2{A\ t) + Fi(A2, -r) + F^iA', -r) = 1/2. (29) 

In FIG.^ we show the tunneling dependence of A. The typical value of r is lower than 1 in 
experiments. In this region, A is almost unaffected by the existence of tunneling. 

In conclusion, we derive the gap equation for general pairing states under the existence 
of tunneling. Analysis of this gap equation shows that the pairing state is p-wave. At 
u = 1/2 we observed that with increase of the tunneling amplitude the system evolves from 
the (3, 3, l)-state toward the Pfajjian-state. At u = 1 the state is also the CF ^^-wave pairing 
state. To check the phase diagram obtained experimentally by Murphy et al. at z/ = 1, 
we must describe the quantum Hall state under the choice of (0i,02) = (2,0). However, 
the relation between this pairing state and the quantum Hall state is unclear and is left as 
future study. Apart from the u = 1/2 and u = 1 case, on which we have mainly discussed 
in this paper, the p-wave pairing state is also expected in the u = 1/m case. For instance 
at = 1/3, as we have mentioned earlier, we expect two types of p-wave pairing state to 
emerge with changing the layer separation d. In closing the paper, we remark here that 
our discussion can also be applied to the single-layer quantum Hall systems with real spin 
degrees of freedom and it will be presented in a subsequent publication . 
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FIGURES 

FIG. 1. The angle 9 vs the tunnehng strength r at = 1/2. Inset: The gap A vs r. 



FIG. 2. The gap A vs the tunnehng strength r at = 1. 
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